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Abstract
In this paper we give an asymptotic expansion including error terms for the number
of closed orbits in the homology classes for homological full Anosov flows. In partic-
ular we obtain formulae concerning the coefficients of error terms which depend on
the homology classes.
1. Introduction
Let M be a C∞ compact manifold. We call a C1 flow φt : M →M an Anosov flow
if the tangent bundle TM has a continuous splitting
TM = E0 ⊕ Eu ⊕ Es
into Dφt-invariant subbundles such that:
(1) E0 is the one dimensional bundle tangent to the flow;
(2) there exist C, λ> 0 such that
‖Dφt|Es‖  Ce−λt for t  0,
‖Dφ−t|Eu‖  Ce−λt for t  0.
We say that φ is transitive if there is a dense orbit. We shall restrict attention to
transitive flows. We can model an Anosov flow by a suspended flow over a shift of
finite type [2].
We assume that M is a C∞ compact manifold with first Betti number b> 0. For
simplicity, we assume that the first homology group of the manifoldM is torsion free.
We know that there is a isomorphism between H1(M,Z) and Zb. So we can identify
the homology group H1(M,Z) with Zb. There are C1(M ) functions F = (F1, . . . , Fb).






F1, . . . ,
∫
γ
Fb) represents the homology class of
γ, say, [γ] ∈ H1(M,Z). Let Mφ be the set of φ-invariant probability measures on M .
For u ∈ Rb, we define the function β(u): Rb → R by








β(u) is analytic and strictly convex on Rb. We say that an Anosov flow φ is homo-
logically full if every homology class contains a closed orbit. If φ is homologically
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full then it is topologically weak mixing. The function β is bounded below and there
exists a unique ξ ∈ Rb for which the infimum is attained [11].










Fdm = 0,m ∈ Mφ
}
.
It is well known that β(u) can be continued analytically in a neighbourhood of ξ
in Cb.
Let Γ be the set of closed orbits for Anosov flow φ. When γ ∈ Γ, let l(γ) denote
the length of γ, i.e, l(γ) =
∫
γ
1. If φ is a homologically full transitive Anosov flow, for
α ∈ H1(M,Z) Sharp [11] obtained




where ξ, h∗ are the constants we mentioned above and α′ is the torsion-free part
of α.
In [8], Pollicott and Sharp used the results of Dolgopyat’s work ([3]) on Anosov
flows to obtain a more detailed expansion for π(T, α) when φ is a homologically full
transitive Anosov flow. That is, there exists δ > 0, such that for N = [2δ], there exist












as T −→∞. (∗)
In this paper, we shall see that if n is odd, then cn =0. We also give formulae for
cn to describe how the cn depend on the homology class α. The main result is the
following.
Theorem. LetM be a compact manifold with Betti number b> 0 and let φt:M →M
be a homologically full transitive Anosov flow. There exist ξ ∈Rb, h∗> 0 and δ > 0 such


















for N <δ where c0> 0 is a constant which is independent of α. If we write α=








2 · · ·αlbb ,
where cl1,l2,...,lb are constants which are independent of α.
The analysis in this paper is closely akin to that used by Anantharaman in [1].
but we give more details of the proofs and more explicit information, necessary to
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understand the role of the homology class α. In the last section we use an approxim-
ation argument to determine how the coefficients depend on the homology classes.
2. Counting function
We assume that g has compact support and has C∞-regularity. Let g 0. For




g(l(γ − T )).






















Z(σ + it, v)eσT+itT gˆ(−iσ + t)e−〈ξ+2πiv,α〉dv dt,
where we have defined










for (s, v)∈C×Rb/Zb. It is well known that when Res=σ >β(ξ) =h∗, Z(s, v) is abso-
lutely convergent.
For the behaviour of Z(s, v) in the neighbourhood of Res=h∗, we have the follow-
ing proposition.
Proposition 1. There exist B> 0, c> 0, 
> 0, β > 0, ρ> 0 and an open set V0, a
neighbourhood of 0 in Rd/Zd, such that:
(1) Z(s, v) is analytic in {s=σ + it : σ>h∗ − c|t|ρ , |t|>B}, and in this domain
|Z(s, v)|=O(|t|β);
(2) Z(s, v) + log(s−β(ξ + iv)) is analytic in {(s, v) : v ∈V0, σ >h∗− 
, |t|B};
(3) Z(s, v) is analytic in {(s, v) : v  V¯0, σ >h− 
, |t|B}.
Proof. The proof of part (1) is analogous to [8]. We refer to [1] for the proof of (2)
and (3). For details see [5].





Z(σ + it, v)e(σ+it)T gˆ(−iσ + t)e−〈ξ+2πiv,α〉dt dv.
In the following let g be of class C∞ with compact support and σ >h∗. We will divide
R
























Z(σ + it, v)e(σ+it)T gˆ(−iσ + t)) dt.
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We shall consider the two integrals separately. First we consider the integral over
R
b/Zb − V0. For v V0, we have the following estimate.
Lemma 1. For v V0 and for all σ >h∗,∣∣∣∣∫
R
Z(σ + it, v)e(σ+it)T gˆ(−iσ + t) dt
∣∣∣∣ = O(‖g(m)‖L1eh∗T/T (m−β)K),
for any K,m∈N.
Proof. By Proposition 1 and Cauchy’s Theorem∫
∆
Z(s, v)esT gˆ(−is) ds=0,
where ∆= {Res=σ, |Ims|R} {Res= c(R), |Ims|R} {c(R)Resσ, |Ims|=
R}, and where c(R) =h∗ − c/Rρ, R=TK for some K, and σ =h∗ +1/T . Since g is of
class C∞ with compact support, for any m∈N,
|gˆ(−iσ + t)| c‖g(m)‖L1/|t|m.
So ∣∣∣∣∫
R
Z(σ + it, v)e(σ+it)T gˆ(−iσ + t) dt−
∫ R
−R












On the other hand,∣∣∣∣∫
Res=c(R),|Ims|R
Z(s, v)esT gˆ(−is) ds





Z(s, v)esT gˆ(−is) ds
∣∣∣∣ = O(‖g(m)‖L1 eh∗TT (m−β)K
)
.
Since cT/TKρ > 0, this completes the proof.
Now we consider the integral over V0. We shall prove the following lemma.
Lemma 2. Let v ∈V0; then for all M ∈ N and for all σ >h∗, we have∣∣∣∣∣
∫
R









 c(‖g‖L1 + · · · + ‖yMg‖L1 )eTh
∗− cT

















where C(σ) will be defined later.
Proof. When v ∈V0, σ is fixed with σ >h∗. For 2B < R∈R+, let
C0 = {Res= c(R),−2B Ims 2B};C1 = {Ims=−2B, c(R)Resσ};
C2 = {Res=σ,−2B Ims 2B};C3 = {Ims=2B, c(R)Resσ};
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C+4 = {Res= c(R), 2B ImsR};C−4 = {Res= c(R),−R Ims−2B};
C+5 = {Res=σ, 2B ImsR};C−5 = {Res=σ,−R Ims−2B};
C+R = {c(R)Resσ, Ims=R};C−R = {c(R)Resσ, Ims=−R}.
By part (1) of Proposition 1, Z(s, v) is analytic in Res c(R), |Ims|>B, so∫
{C3C+5 C+RC+4 }
Z(s, v)esT gˆ(−is) ds = 0 (1)
and ∫
{C1C−4 C−R C−5 }
Z(s, v)esT gˆ(−is) ds = 0. (2)
By part (2) of Proposition 1, we have∫
−{C0C3C2C1}
(Z(s, v) + log(s− β(ξ + iv)))esT gˆ(−is) ds = 0, (3)
where the three contours are counterclockwise and −Ci means that the orientation
of the path is reversed.
From (1), we have∫
C+5
Z(s, v)esT gˆ(−is) ds =
∫
−{C3C+4 C+R }
Z(s, v)esT gˆ(−is) ds. (4)
From (2), we have∫
C−5
Z(s, v)esT gˆ(−is) ds =
∫
−{C1C−4 C−R }
Z(s, v)esT gˆ(−is) ds. (5)
From (3), we have∫
−C2
Z(s, v)esT gˆ(−is) ds =
∫
C1C2C3




(Z(s, v) + log(s− β(ξ + iv)))esT gˆ(−is) ds +
∫
C1C3
Z(s, v)esT gˆ(−is) ds. (6)
Let C(σ) =C1 C2 C3. Adding the three identities (4), (5), (6) we obtain∫
R




log(s− β(ξ + iv))gˆ(−is)esT ds + i
∫
{C+4 C−4 }

















Z(σ + it, v)e(σ+it)T gˆ(−iσ + t) dt.
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As we discussed in Lemma 1, for any m,K ∈ N,∫
{C+RC−R }















(Z(s, v) + log(s− β(ξ + iv)))esT gˆ(−is) ds = c3‖g‖L1eh
∗T− cT
T K ρ )
and ∫
{C+4 C−4 }












Z(σ + it, v)e(σ+it)T gˆ(−iσ + t) dt + i
∫
C(σ)









+ c3‖g‖L1e− cTT K ρ
)
.
Next we consider i
∫
C(σ) log(s− β(ξ + iv))gˆ(−is)esTds. Integrating by parts, we have∣∣∣∣i∫
C(σ)




























sTds, we use the residue formula,∫
C(σ)C0
gˆ(−is)
s− β(ξ + iv)e











s− β(ξ + iv)e
sTds
∣∣∣∣  c‖g‖L1eTh∗− cTT K ρ .
Now we have obtained∣∣∣∣∫
R
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by Lemma 1 and Lemma 2, we can prove the following proposition.
























+ c′3(‖g‖L1 + · · · + ‖yMg‖L1 )eTh
∗− cT
T K ρ . (7)
For ∀N ∈N, taking m sufficiently so large such that (m−β)K N + b2 + 2 and
M =N + b+2, we have

























(‖g‖L1 + · · · + ‖yN+b+2g‖L1)eTh∗− cTT K ρ . (8)
3. Coefficients of error terms of πg(T, α)






We shall use the method that Anantharaman used in [1]. We first prove the following
lemma.
Lemma 3. There exist polynomials f (k)j (iv) in iv1, . . . , ivb such that the total exponent





























for some small ρ.
Remark.







(2) The proof is similar to that in [1]. We denote (dj gˆ/dsj)(−iβ(ξ + iv)) by g¯j(iv).
For convenience, let V0 be of the form {v ∈Rb/Zb : ‖v‖ ρ}.
(3) By the first condition, we mean that f (k)j (iv) can be written in the form
f (k)j (iv) =
∑
al1,l2,...,lb (iv1)
l1 (iv2)l2 · · · (ivb)lb .
In particular,










(3)(ξ) · (iv)3 + g¯(1)j (0) · (iv);









g¯(1)j (0) · (iv)β(3)(ξ) · (iv)3 +
1
2
g¯(2)j (0) · (iv)2.
(4) We can see that f (0)j (iv) are constants and f
(0)
0 (iv)> 0 , since






































T 〉f (k)j (iv) dv.
We have the following proposition.









































are polynomials in iv1, . . . , ivb and we still have that the total exponent of each term in
s(k)j (α, v) has the same parity as k.
Proof.We expand e−2πi〈α,v/
√
T 〉 in a neighbourhood of 0,
e−2πi〈α,v/
√


















































































































Now the proof of the proposition is complete. 
In the following lemma, we will see that the coefficients of T−
k
2 vanish.






(ξ)(v,v)s(k)j (α, iv) dv = 0.
Proof. Since



















l1 (iv2)l2 · · · (ivb)lb ,
where l1 + l2 + · · ·+ lb is odd and al1,L2,...,lb (α) are constants which depend on α and g.









































(ξ)(v,v)s(k)j (α, iv) dv = 0. 
By Lemma 4, for k odd the coefficients of T−
k
2 vanish. So we only need to
calculate the coefficients when k is even. Let b(k)j (α) be the coefficient of T
k in
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2 · · ·αlbb ,
where b(j)l1l2···lb are constants. More precisely,
b(j)l1l2...lb =
(l1 + l2 + · · · + lb)!








× vl11 vl22 . . . vlbb f (2k−(l1+l2+···+lb ))j (iv) dv.



































2 · · ·αlbb are polynomials in α1, α2, . . . , αb and
the degree of b(k)j is 2k and b
(j)
























2 · · ·αlbb ,













(2π)b/2√|detβ′′(ξ)| gˆ(−ih∗) > 0,
so that c0(α) is independent of α. On the other hand, for n 1, cn(α) is polynomial

























∼ (−1)ncg‖α‖2n (cg > 0 and cg is dependent on g),
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where A∼B means that lim‖α‖→∞A/B =1. In order to make the result positive, we





T K ρ  c 1
TN
,
for any N > 0. Now we obtain the following theorem.
Theorem 1. Let M be a compact manifold with first Betti number b> 0 and let φt:
M →M be a homologically full transitive Anosov flow. Let g be of class C∞ with compact
















as T →∞, (9)








2 · · ·αlbb ,
where cl1,l2,...,lb are constants which are independent of α.
Remark. If g is of class Cm with compact support and m satisfies (m− β)/ρN +
b
2 + 2 for some N ∈ N, (9) still holds.
4. The proof of the main result
In this section we use an approximation argument to obtain π(T, α). Let g be
a characteristic function. For all T we take g−T and g
+
T of class C
∞ with compact
supports such that:
(1) g−T  g g+T ;
(2) ‖g+T ‖∞ 2 and ‖g−T ‖∞ 2;
(3) for 0nM , ‖yng±T ‖L1  c‖yng‖L1 ;
(4) supnM ‖yn(g±T − g)‖L1 T−λ supnM ‖yng‖L1 for some λ> 0.
(5) ‖g±T
(m)‖L1  cTmλ‖g‖L1 .
These can be done by a convolution argument.
































































































































+ c2(‖g‖L1 + · · · + ‖yMg‖L1 )eTh
∗− cT






































Let ζ = min{λ− 1, (m− β)K −mλ− b2 − 2}, where K < 1/ρ. Since we can take M
sufficiently large, the best error term is 1/T ζ . By λ − 1> 0 and (m − β)K −mλ −
b
2 − 2> 0, we have λ < K < 1/ρ if we let m → ∞. We assume that ρ < 1 and let
δ = [ 1
ρ
]− 1. We do the same as was done in the last section for∫
V0






























Since for g =χ
[−T 14M +2 ,0], gˆ(−iβ(ξ + iv)) = g(ξ + iv) +O(e−T
1
4M +2 h∗), hence
ck,T (α) = ck(α) +O
(
eTh



















It is well known that








(T, α) = π(T, α).
However, e−h
∗T 1/4M +2 → 0 faster than 1/Tn for any n. We have the following theorem.
Theorem 2. Let M be a compact manifold with first Betti number b> 0 and let
φt:M →M be a homologically full transitive Anosov flow. There exist ξ ∈Rb, h∗> 0

















as T →∞ (10)
for N < δ, where c0> 0 is a constant which is independent of α. If we write α =








2 · · ·αlbb ,
where cl1,l2,...,lb are constants which are independent of α.
Remark. As we see in [5] for closed geodesics, we still have that
cn(α) ∼ (−1)nc‖α‖2n (c > 0) as ‖α‖ → ∞.
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